
Evaluation of Parametric Method Performance for 
Left-Censored Data and Recommendation of Using for 
Covid-19 Data Analysis

In survival analysis, censoring is neglecting data that can
not be observed and known precisely for any reason due 

to some limitations in the lifetime data of the unit or indi-
viduals of interest, such as time, cost, and values below the 
determination limit. In cases when it is not certain what the 
data will be during the process or after the process, that is 

when the start time is certain but the end time is not clear; 
if the unit or individual leaves the experiment before the 
defined event takes place, the data is right-censored.

Prior to starting to study the individual, if some of the data 
have some exclusion criteria or if there are data below the 
measurement limit, this type of data are left-censored. In-
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terval censorship and double censorship obtained using 
right and left censorings are also known as generalized 
censorship types.[1]

In censoring, there is a certain measurement limit for the 
units and the selection of the censoring limit is determined 
by the researcher. This point is the Limit of Detection (LOD) 
value which has slightly exceeded the +3 standard deviation 
value around 0 or the Limit of Quantification (LOQ) value 
which is known as the +10 standard deviation value around 
0. While it represents the smallest precision measurement 
that can be employed in detection limit validation, Quantifi-
cation limit represents the highest reliable limit value of con-
centration (a measurable variable) that can be reported.[2]

Let  be censorship time and  be the lifetime of the indi-
vidual; when , the individual's survival time is smaller 
than the observed survival time and thus this individual's 
lifetime is said to be left-censored.

If , the individual is censored and if 
, the individual is observed.[1,3]

In the analysis of left-censored data, biases arise due to the 
fact that observation values cannot be determined for vari-
ous reasons. Statistical methods used to eliminate these bias-
es caused by censoring are divided into four general catego-
ries; substitution methods;[4,5] semi-parametric methods 
(Regression on Order Statistics (ROS));[6–8] parametric meth-
ods (Maximum Likelihood Estimation (MLE))[9] and non-para-
metric methods (Kaplan Meier estimator (KM)).[10,11] Hewett 
and Ganser[12] conducted a review on the comparison of dif-
ferent approaches to the processing of censored data.

The Maximum Likelihood Estimator (MLE) is employed in 
the parametric method, and the logarithmic form of the 
likelihood function of the distribution in which censored 
and uncensored data are included together is as follows:

In the literature, there are performance comparisons with 
different sample sizes and various censoring rates for 
non-parametric, parametric, semi-parametric and substi-
tution methods. However, studies that can guide the rel-
evance of left-censored data to distributions are quite in-
sufficient.[13] As it is broadly employed in survival analysis 
and approximately fits the data, there are evaluations made 
for left-censored data by acting entirely upon experimental 
assumptions conducted under the assumption of Log-Nor-
mal, even Normal distribution, especially Weibull distribu-
tion. In Table 1, studies about the distributions employed in 
the evaluation of censored data are presented. Ta
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There are very few studies on Covid-19 on censored data in 
the literature, and there is no left-censored analysis among 
these studies.

Omar et al. (2020)[25] conducted research on interval cen-
sorship in evaluating the course of the disease at home or 
in the hospital in case of severe acute life with the onset of 
symptoms of Covid-19 patients.

Sreedevi and Sankaran (2020)[26] used the Proportional haz-
ards mix treatment model to estimate the recovery rate of 
Covid-19 patients in India, including the effect of age and 
gender.

Abdel-Salam and Mollazehi (2020)[27] used the censored 
data from Singaporean Covid-19 patients and compared 
recovery times with non-Singaporean patients using Sev-
eral parametric models.

Since there was no clear suggestion about the most suit-
able model and distribution in the analysis of left-cen-
sored data in the literature, the study finding were de-
rived from negatively skewed distributions in order to 
guide the researchers on the use of the most suitable dis-
tribution for left-censored data. The most suitable Para-
metric Inverse Hazard Models were tried to be identified 
with the help of information criteria for the derived data. 
The study findings were produced from left-handed dis-
tributions in order to guide the researchers on the use of 
the most appropriate distribution for left-censored data. 
The most suitable Parametric Inverse Hazard models were 
tried to be determined with the help of information crite-
ria for the derived data. Since it was not possible to study 
simulations of all possible scenarios, scenarios similar to 
each other were generally preferred over others. The main 
motivation of the study was the reliability of the estimates 
made by using the Parametric Inverse Hazard Models 
without using the substitution method, the semi-para-
metric method, and the non-parametric methods. The 
distribution and sample sizes that were most suitable for 
these estimates were tried to be determined. In addition, 
it was observed that the real data application and the sim-
ulation findings were compatible.

Parametric Inverse Hazard Model
In survival studies, the completed and incomplete data 
can be seen together and the goal is to analyze the failure 
structure related to the completed variable with the help of 
Hazard functions. Parametric models are based on a certain 
distribution assumption for the Hazard rate. The shape of 
the Hazard functions varies depending on the type of distri-
bution, and an accurate determination of the Hazard func-
tion of survival times is necessary for unbiased estimation 
of parameters. The Hazard function, which is the inverse of 

the survival function, is the risk of occurring in a small time 
interval, such as  and , under the condition that an 
event of interest is not yet present at time  (continuing to 
survive) and it is defined as follows:[28]

The Hazard function used here to explain when the data 
are censored from the right.[29]

In survival studies, when lifetime data are left-censored, 
Inverse Hazard Rate (IHR) models are preferred since Haz-
ard rate estimators are tending to be unstable.[30]

IHR is defined as follows for an event of interest: 

The function of  suggested by Barlow, Marshall, and 
Proschan (1963)[31] was employed in the estimation of the 
left censored distribution function;[32] in defining a new 
stochastic scheme;[33] in identifying the characterization of 
lifetime distributions;[34] in investigating the aging behav-
ior;[35,36] in developing new repair and maintenance strat-
egies;[37,38] in mixed proportional hazard models[4] and in 
stress hybrid hazard models.[29,39]

Let  be non-negative random variable with the distribution 
function , which represents an individual’s lifetime, and 
probability density function f (t); IHR can be written as fol-
lows:

Let X be a (p×1) vector of covariates; in case of any factor af-
fecting survival times in survival analyzes, Hazard function is 
modeled as Parametric Inverse Hazard (PIH) model defined by

Here  is the base Hazard function;  is a non-negative 
function of  is a  regression parameters.[29,40]

The distribution function of the PIH model, which is a fully 
parametric model based on IHR, is as follows:

where  is the distribution function of the lifetime 
T given X,  is the part representing the basic hazard 
function in the absence of covariates.

Let assume that the lifetime random variable T is ran-
domly left-censored with random Z. In practice,  being 
the indicator function for observed vectors  with 

 and  ; then the likelihood function 
can be written as follows:
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Here  representing censor situation, when  it rep-
resents censored observation; when  it represents un-
censored observation.[3,13,29,41] Since this method contains 
assumptions for left censored data, it also brings certain 
limitations; estimates can be calculated for parameters in 
this model using MLE method.[29,42]

In this study, PRH models have been formed for Exponential, 
Log-Normal, Inverse Normal, Gamma, Generalized Gam-
ma, Inverse Gamma, Log-Logistic, Weibull, Inverse Weibull, 
Generalized Inverse, Flexible Weibull, Marshal-Olkin, Strong 
Generalized Weibull, Modified Weibull and Gompertz distri-
butions that may be suitable for left-censored data. These 
distributions have been obtained as follows:[29]

•  Inverse Weibull Distribution

• Exponential Distribution

• Log-Normal Distribution

• Inverse Normal Distribution

• Log-Logistic Distribution

• Gompertz-Makeham Distribution

• Gamma Distribution

• Generalized Gamma Distribution

• Inverse Gamma Distribution

• Weibull Distribution

• Generalized Inverse Weibull Distribution

• Modified Weibull Distribution

• Flexible Weibull Distribution

• Strong Extended Weibull Distribution

• Marshal-Olkin Distribution
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This study aim, determine Parametric, non-parametric 
and semi-parametric Models for various distributions that 
may be suitable for left-censored data. The performances 
of these derived models in analyzing HIV viral load data 
were compared using extensive simulations and a guide 
was created in which the distribution was optimal. Each 
simulation created varies with the sample size and cen-
sorship rate to find a consistently high distribution of 
performance. In our study; Karapınar State Hospital data 
were reviewed retrospectively, and a bootstrap study 
aimed to provide more information on the appropriate-
ness of distributions in the analysis of HIV viral load data. 
Such data are frequently encountered in the literature, es-
pecially in biological studies. In this study, the advantag-
es and disadvantages of the methods used for left-hand 
censored (Under the Limit of Detection) data commonly 
encountered in clinical studies will be examined. Accord-
ing to this data structure, it will be investigated which sta-
tistical method will be more appropriate to use and the 
reasons for this will be discussed in the study. In addition, 
another aim of our study is to compare different parame-
ter estimation methods (nonparametric, parametric and 
semi-parametric) and determine the strength of these 
methods in left-censored data sets.

Methods
In earlier studies, performances between nonparametric, 
parametric, semi-parametric and substitution methods 
with different sample sizes and various censoring rates 
were compared and road maps were determined. Howev-
er, in the parametric approach, no performance compari-
son has been executed between the distributions suitable 
for left-censored data. Therefore, this study was designed 
to determine a road map by conducting performance 
evaluations of 15 different distributions, with different 
sample sizes (1000-2000-3000) and different censoring 
rates (15%, 25% and 35%).

•  Simulation studies were conducted at 15%-25% and 
35% left-censored rates. While forming the censoring 

rate, 0 represented a censored observation and oth-
erwise, the censoring indicator was 1. Then, censoring 
was determined by assigning the indicator to random 
observation rate. AIC, AICC, HQIC and CAIC information 
criteria were used to evaluate which distribution model 
was most suitable.

•  After censoring, censored data were estimated with 
Parametric method (MLE) for 15 distributions with the 
help of the package of NADA (Nondetects And Data 
Analysis: Statistics for Censored Environmental Data) 
written by Lopaka Lee and updated on July 2, 2014 in 
the R program (Version i386 3.0.2). The repetition num-
ber for the simulation was determined as 5000. In addi-
tion, the evaluation was done by increasing the sample 
sizes by 1000-2000-3000. In order for the variations of 
the distributions to be equal, the data were derived from 
the following distributions: ; Inv. Weibull (1.5;1), Expo-
nential (3.6;0.25), Log-Normal (0.5;2), Inv. Gaussian (3;1), 
Log-Logistic (3;0.3), Gompertz-Makeham (0.2;0.05;0.85), 
Gamma (3;2), Gen. Gamma (2;1.5;1), Inv.Gamma (2;1), 
Weibull (1.8;1), Gen.Inv.Weibull (1.8;1;1), Modified Weibull 
(2.1;0;1.5;1;1), Flexible Weibull(1.5;1), Power Generalized 
Weibull (1;1.5), Marshal-Olkin (3;2;1). The parameters of 
all distributions were different, but the variation coeffi-
cient was 0.5. The likelihood density functions of these 
distributions are given in Figure 1.

Results
The results of the simulation study are summarized in Table 
2-4. Table 2 shows the results of simulated data with cen-
soring rate of 15%, Table 3 for data with censoring rate of 
25%, and Table 4 for data with censoring rate of 35%. The 
brief results of the information criteria for different Censor-
ship rates of distributions are given in Figure 2. According 
to these results, the Generalized Inverse Weibull distribu-
tion has the lowest mean AIC, AICC, HQIC and CAIC values.  
Then, there are Log-Logistic, Log-Normal, Inverse Gaussian 
and Gamma distributions, respectively. This situation is 
consistent across all censoring rates and sample sizes. The 

Figure 1. Likelihood density functions of the distributions.
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distributions that consistently perform as the worst are as 
follows respectively: Modified Weibull, Inverse Weibull, In-
verse Gamma, Strong Generalized Weibull and Exponential 
distributions.

Besides, as a result of the conducted simulation studies, 
the best distributions to be used for Parametric Inverse 
Hazard Models in the left-censored data, are the Log-Logis-
tic, Log-Normal, Inverse Normal and Gamma distributions, 
respectively along with the Generalized Inverse Weibull 
distribution. We can also say that the Marshal-Olkin distri-
bution shows superior performance compared to Modified 
Weibull, Generalized Gamma, Gamma, and Flexible Weibull 
distributions.

Real Data Application
In this section, it is aimed to determine the optimal dis-
tribution for various censoring rates (15%-25%-35%) in 
left-censored data for Parametric Inverse Hazard Models. 
Between 2016 and 2019, it has collected at the Konya Pro-
vincial Directorate Kararapınar State Hospital. The study 
was designed as a retrospective. Karapinar State Hospital 
data were screened retrospectively. As a bootstrap study, 
the analysis of HIV viral load data is intended to provide 
more information on the appropriateness of deployments. 
Anti-HBs, Anti Hcv, Anti-HIV and HBsAg were 30%, 11%, 
2.3% and 51% respectively. Approval was obtained from 
the Ethics Committee of Bilecik Public Health Directorate 
with the code 959222041-449 for the study.

26557 individuals diagnosed with Anti-HBs, Anti Hcv, An-
ti-HIV and HBsAg have been summarized with frequencies 
and percentages in Table 5.

Firstly, the number of left-censored data was determined 
for each diagnosis, and censored data numbers have been 
given in Table 6.

The censored data for each diagnosis was determined and 
various descriptive statistics of the uncensored data are 
given in Table 7.

The number of diagnosis and censored data and also de-
scriptive statistics of uncensored data of diagnosis have 
been given in Table 5-7, respectively.

After this descriptive step, the assessment of fit for distribu-
tions was made for each diagnosis.

Firstly, 65 distributions were tested for the Anti-HBS diag-
nosis, and Exponential, Gamma, Log-Logistic and Logis-
tic distributions were fitted. Then fitted tests have been 
performanced for Anti HCV diagnosis. According to test 
results, Gamma, Inv. Gaussian, Log-Logic, Logic, Lognor-
mal and Weibull distributions have been fitted. The same 
examination was made for ANTİ-HIV and HBsAg diagnoses Ta
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e 
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seperately, and appropriate distributions and parameters 
estimations’ results were summarized in Table 8.

After the parameter estimation, left-censored data was 
generated for the distributions which are Log-Logic, Expo-
nential, Lognormal and Gamma distributions. Generated 
data entegrated the main data and the descriptive statis-
tics of the each diagnosis are given in Table 9.

Finally, the mean, standard deviation and median differ-
ences were calculated for each diagnosis, and the results 
are given in Table 10.

The biggest difference is Gamma, Log normal, and Expo-
nential, respectively; The least difference was obtained for 
the Log logistic distribution.

Table 7. The descriptive statistics of the uncensored data

 n x Standart Median Min Max
   Deviation
Anti-HBs 3650 169.945 235.104 56.74 3.1 999.99
Anti HCV 5624 0.1382 0.2889 0.11 0.01 10.08
Anti-HIV 4301 0.1958 0.18507 0.168 0.05 7.47
HBsAg 3599 3.018 36.9432 0.24 0.1 841.67
Total 17174 36.8451 129.667 0.19 0.01 999.99

Min: Minimum; Max: Maximum.

Figure 2. Brief results of information criteria obtained according to distributions conducted with 5000 repetitions of which their censor rate 
was 15-25-35%, and sample sizes were 1000-2000-3000.

Table 5. The diagnosis numbers of individuals

 n %
Anti-HBs 6376 24
Anti Hcv 6353 23.9
Anti-HIV 6058 22.8
HBsAg 7770 29.3
Total 26557 100

Table 6. The values and frequencies of various censored data for 
each diagnosis
Diagnosis n %
Anti-HBs
 (<3.10) 2017 31.6
 (>1000,00) 709 11.1
Anti HCV
 (<0.02) 708 11.1
 (<0.10) 1 0
 (>11.00) 19 0.3
 (<0.001) 1 0
Anti-HIV
 (<0.05) 142 2.3
 (<0.050) 1611 26.6
 (<0.001) 1 0
HBsAg
 (<0.10) 3969 51.1
 (>1000,0) 202 2.6
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Discussion

New and effective treatments for Covid-19 are only possi-
ble by analyzing and evaluating case data. Although the 
analyzes, models, simulations and evaluations of Covid-19 
are in the literature, they are not at a sufficient level in 
terms of solution. In this sense, it is thought to contribute 
to the literature and guide researchers by highlighting the 
censored data analysis approach in the investigation of the 
Covid 19 outbreak.

Conclusion

Many studies have presumed that there are certain fun-
damental distributions based on guidelines for the distri-
bution functions of censored data or analyzed data. The 
distributions were identified as negatively skewed, on 
the grounds that all of the common distributions asso-
ciated with left/right-censored data such as the Normal, 
Log-Normal and Gamma distributions belong to the ex-
ponential family.

Table 8. Fitting results of the Anti-HBs, Anti HCV, Anti-HIV, HBsAg 
diagnosis with parameters’ estimations

Diagnosis Distribution Parameters
Anti-HBs Exponential λ=0.00588

Gamma ∝=0.52251 β=325.25
Log-Logistic ∝=0.99376 β=52.014

Logistic σ=129.62 μ=169.94
Anti HCV Gamma ∝=0.22893 β=0.60381

Inv. Gaussian λ=0.03165 μ=0.13823
Log-Logistic ∝=2.5347 β=0.10395

Logistic σ=0.15928 μ=0.13823
Lognormal σ=0.70316 μ=-2.2631

Weibull ∝=1.7642 β=0.14413
Anti-HIV Cauchy σ=0.05344 μ=0.16036

Gamma ∝=1.1236 β=0.17468
Gen. Gamma k=1.3293 ∝=1.3912 β=0.17468
Log-Logistic ∝=3.2453 β=0.16553

HBsAg Cauchy σ=0.08885 μ=0.2142
Gen. Gamma k=0.58736 ∝=0.24281 β=452.16
Inv. Gaussian λ=0.23482 μ=3.0102
Log-Logistic ∝=1.6918 β=0.26708

Table 9. The descriptive results of uncencored and left-censored data for diagnosis

n x Standart Deviation Median Minimum Maximum
Uncencored
 Anti-HBs 3650 169.9445 235.1041 56.74 3.1 999.99

ANTİ HCV 5624 0.1382 0.2889 0.11 0.01 10.08
ANTİ HIV 4301 0.1958 0.18507 0.168 0.05 7.47

 HBsAg 3599 3.018 36.94318 0.24 0.1 841.67
 Total 17174 36.8451 129.6673 0.19 0.01 999.99
Log-Logistic
 Anti-HBs 5667 168.6555 234.1395 55.739121 3.1 999.99

ANTİ HCV 6334 0.1093 0.276246 0.0159 0.01 10.08
ANTİ HIV 6058 0.1814 0.12867 0.102516 0.05 7.47

 HBsAg 7568 3.0095 36.91428 0.22433 0.1 841.67
 Total 25627 36.7572 129.5693 0.1745352 0.01 999.99
Exponential
 Anti-HBs 5667 167.3665 232.8505 54.450121 3.1 999.99

ANTİ HCV 6334 0.0804 0.247346 0.015882 0.01 10.08
ANTİ HIV 6058 0.1525 0.09977 0.073616 0.05 7.47

 HBsAg 7568 2.9806 36.88538 0.19543 0.1 841.67
 Total 25627 36.7283 129.5404 0.1456352 0.01 999.99
Lognormal
 Anti-HBs 5667 166.0775 231.5615 53.161121 3.1 999.99

ANTİ HCV 6334 0.0515 0.218446 0.0719 0.01 10.08
ANTİ HIV 6058 0.1236 0.07087 0.084716 0.05 7.47

 HBsAg 7568 2.9517 36.85648 0.16653 0.1 841.67
 Total 25627 36.6994 129.5115 0.1167352 0.01 999.99
Gamma
 Anti-HBs 5667 164.7885 230.2725 51.872121 3.1 999.99

ANTİ HCV 6334 0.0226 0.189546 0.0708 0.01 10.08
ANTİ HIV 6058 0.0947 0.04197 0.075816 0.05 7.47

 HBsAg 7568 2.9228 36.82758 0.13763 0.1 841.67
 Total 25627 36.6705 129.4826 0.0878352 0.01 999.99
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This study is aimed to perform simulation studies with dif-
ferent sample size (1000-2000-3000) and various censoring 
rates (15%-25%-35%) for evaluating the performance of 
derived Parametric Inverse Hazard models and to compare 
these models for identifying the most suitable distribution 
for the left-censored data. Since it was not possible to study 
simulations of all possible scenarios, scenarios similar to each 
other were generally preferred over others. In the simulation 
studies of the given scenarios, it was concluded that the most 
appropriate distribution to be used for Parametric Inverse 
Hazard models for left-censored data is the Log-Logistic dis-
tribution when the censoring rates were 15%-25% and 35%.

Simulation studies revealed that the best distributions to 
be used under the Parametric Inverse Hazard models were 
(in order of performance) Log-Logistic, Log-Normal, Inverse 
Gaussian and Gamma distribution, and Generalized Inverse 
Weibull distribution, respectively. As a result of the simula-
tion study, it was revealed that the "Marshal-Olkin" distribu-
tion followed by "Modified Weibull", "Generalized Gamma", 
"Gamma" and "Flexible Weibull" distributions demonstrat-
ed conservative performance, respectively. In the results 
made with real data application, it has been determined 
that the best result is Log logistics distribution. Simulation 

results and real data application results support each other.

Since there is no clear suggestion about the most suitable 
model and distribution in the analysis of left-censored data 
in the literature today, the findings of this may guide re-
searchers in terms of the use of more accurate models for 
left censored data.

Covid 19 is a pandemic that has affected the whole world, 
and the science world predicts that the effects and conse-
quences of the pandemic will affect the world for many years.

In this process, technological inadequacies, people's atti-
tudes towards the pandemic, insufficient infrastructure in 
the health sector, and the governments' wrong strategies 
with economic concerns are the most important problems 
and affect the functioning negatively. The investigations 
made by data analysts working on epidemic statistics have 
revealed the course of the epidemic, and updating the data, 
changing it or not sharing it properly caused mistakes.

The data insufficiency detected in the epidemic data of the 
countries causes serious differences in the results of the re-
searchers involved in predicting the course of the epidemic.

This situation may cause inadequacies in the measures 
to be taken by the countries and incorrect evaluations in 

Table 10. The differances of mean, standart deviation and median for uncencored and and left-censored data

n Mean difference Standart deviation Median Minimum Maximum
difference difference

Log Logistics
 Anti-HBs 5667 1.289 0.9646 1.0008789 3.1 999.99

ANTİ HCV 6334 0.0289 0.012654 0.0941 0.01 10.08
ANTİ HIV 6058 0.0144 0.0564 0.065484 0.05 7.47

 HBsAg 7568 0.0085 0.0289 0.01567 0.1 841.67
 Total 25627 0.0879 0.098 0.0154648 0.01 999.99
Exponential
 Anti-HBs 5667 2.578 2.2536 2.2898789 3.1 999.99

ANTİ HCV 6334 0.0578 0.041554 0.094118 0.01 10.08
ANTİ HIV 6058 0.0433 0.0853 0.094384 0.05 7.47

 HBsAg 7568 0.0374 0.0578 0.04457 0.1 841.67
 Total 25627 0.1168 0.1269 0.0443648 0.01 999.99
Log Normal
 Anti-HBs 5667 3.867 3.5426 3.5788789 3.1 999.99

ANTİ HCV 6334 0.0867 0.070454 0.0381 0.01 10.08
ANTİ HIV 6058 0.0722 0.1142 0.083284 0.05 7.47

 HBsAg 7568 0.0663 0.0867 0.07347 0.1 841.67
 Total 25627 0.1457 0.1558 0.0732648 0.01 999.99
Gamma
 Anti-HBs 5667 5.156 4.8316 4.8678789 3.1 999.99

ANTİ HCV 6334 0.1156 0.099354 0.0392 0.01 10.08
ANTİ HIV 6058 0.1011 0.1431 0.092184 0.05 7.47

 HBsAg 7568 0.0952 0.1156 0.10237 0.1 841.67
 Total 25627 0.1746 0.1847 0.1021648 0.01 999.99
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health services. Since the inadequacies, inaccuracies and 
changes experienced in the data may affect the consisten-
cy of the estimates developed by the researchers, it has led 
to the idea that censorship can be made in such cases.
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